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Summary

A new class of partially balanced incomplete block (PBIB) deticn based , oii
rectangular association scheme has been obtained through t|ie development

. of Qa Arrays.
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Introduction

The. rectangular association scheme is a three class associatioQ
scheme introduced by Vartak [8]. A partially balanced incomplete block
(PBIB) design with V(=mn) symbols arranged in a rectangle of m
rows and n columns follows a rectangular design (RD), if with respect to
each symbol, the firstassociates are the other it ^ 1 symbols of the rdw^
the second associates are the other m —1 symbols of the samecolumn,
and the remaining (m —1) (« —1) symbols are the third associates. For
this association scheme. «i = n 1, «, = n 1, n, = (m— 1) (n -I)i
In fact, a RD is a PBIB design (mn, A, r, k, ki, A|. A,), the symbols
having usual significance. The following relationsamong the parameteri
hold:
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(i) mn! r = b. k. and (ii) (n — 1) •• Aj + (m — 1) • Ag

+ (m - 1) (n - !)• A, = r.{k- 1).

The existing literature reveals that dififerent classes of rectangular
designs have been obtained in the following communications, viz.
Agarwal [l]j;[2^ Agarwal and Singh-[3], Bhagwandas era/. [4], Gill [5]
and Puri, ei'al. \l].

In this communication a new method of construction of rectangular
designs has been deyeloped from <2a arrays (definition J.2).

The following'matrix operations'will be used in the latter section.
T,et = (a<;) and 5 ""a "2- =f= (M: be two matrices whose

elements belong to ^ being a finite module,containing s elements.

(1) Let, ri = rt = r, © B is an r X nj matrix where for any
column oi A, say ««, and any column of B, say we define a,column
on + ^}of A 0 B, where the location of this column is situated at the
[(/ —1) "s + the column i = 1, 2, . .., n/; / = 1. 2 the sym
bol 0 repfesentinglhe usual vector addition. It is to be noted that the
sum of ai'^ is to be reduced under mod's system.

Definition 1.1 Let, ^ = (xi, *a, . . . , ACm)' to be a column vector and
Ti, Fj,. . , Ym)' be another column vector. The symbolic inner product
of X and Yis defined by a column vector X O Y = (Xi yi, X2 y^, . . . ,
Xm ym)'.
Let «<3,. . .. «(«) be sS ^-tuples where S, i = 1, 2,^. ,
j^apdy = 1, 2, . . ., f. ^ ,

Dbfinition 1.2. Two. tuples a; and a-^ are said to be independent
If «J for (i 54:/') and a»e S, /' x 1being Si t X 1 matrix:
with elements unit only. .. ...

iIn case of equality, the two tuples ,a< and a|. become mutually depenr
dent. There exists independent-f-tuples in the set of s*^-tuples.:
. [It is always •: po6sible,(to. obtain different sets of tuples,: each;set l

containing 5-number of mutually dependent /-tuples. The congregation:
of such 5*'^ dififerent sets constitute all possible 5' dififerent /-tuples.; i, ,r
Definition 1.3 An array Qt r, j) containing r rows and j'"'
column with elements belonging to S, is such that in every f-rowed
submatrix of Qt, [^-number of (distinct of indistinct) /-tuples' appear
from each set of diSerent sets.: • , • : i; i '

The Qt arrays are similarTo iSt arfalys defined in Mukh6padhyay'[6].
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2. Method of Constrnction

The multiplication table constructed with elements from S provides
a 8a {s, s, s), where 5 is a prime or prime power.

Theorem. Let md —s-l where m and d are both positive integers
greater than one (> \) the existence of Q, (s.s.s.) im\lie\ the exist
ence of RD (otj, s{s — 1), rf (j —I), (i — 1), (rf —1 ), O, d*),

Proof: (by construction). Let be a Qa U, s, s) where 5 is a prime or
prime power and obtained from the multiplication table of s elements,
where £ GF(S). Since A is obtained from the multiplication table there
exist one row and one column of A whose all elements are null. Delete

the null row and null column from A, and denote the resulting array by

From A' construct the matrix Bi (»-1) x («-1) = a, / <•">' >< i
® -1) X(« -1)^ f = 0,1, 2 (j-l), where a, G GF(s) and
J <«-" X1 is an (i —1) X 1 matrix whose all elements are unit only,
in particular = 0 and Bt = A'.
Now obtain,

5(,-i) xTTTTTT = [5o 15i I 5, . . . , I A_i]

Let (*11. *ai, • . •. *3mi, • • • , ^<*1, • • • , Xjnt)
be a column vector, where Xif = Xf / for i'^i' ;i= 1,2, 1,2,
.. ., m and Xi/'s are m distinct integers belonging to the set 0, 1,2,...,
m — 1 for each J, m < s.

The symbolic inner product of column vector x with each column of
the array 5 provides s(s — 1) blocks of the RD {ms, s (j — 1), d{s —1)„
(s-l); d(d~l) 0, d*), where dm = s—l.

Illustration. Take Bt as :

r
1 2 3 4 5

1
6

2 4 6 1 3 5

3 6 2 5 1 4

4 1 5 2 6 3

5 3 I 6
1

4 2

6 5 4 3 2 1
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The following two designs £>1 and D^) can be obtained by talcing the
symbolic inner products of with xx and respectively,
where *1 = (Q, 1/2. 0. 1, 2) and = [(0, 1, 0. 1. 0. 1,).

The parameters of R D, (Di for *1 are Di : F = 21, b — 42, r = 12,
A: — 6, Aj = 2, Ag = 0, A| = 4 and the parameters of RD, Dz for are

: V=14,b = 42, r = 18, fc = 6, A^ = 6, Aj = 0, A3 = 9.

0X41

01 02 03 04 05 06

12 14|16 11 13 15

23 26 22 25 21 24

04 01 05 OJ 06 03

:15 13 11 16 14 12

26 25^4 23 22 21

04 05 06 00 01 02

15 10 1214 16 11

, 26 22 25 21 24 20

, 00 04 01 05 02 06

15 16 14 12 10 15

22 21 20 26 25 24

02 03 04 05 06 00 03 04 05 06 00 01

13 15 10 12 14 16 14 16 11 13 15 IQ

24 20 23 26 22 25 25 21 24 20 23 26

05 02 06 03 00 04 06 03 00 04 01 05

16 14 12 10 15 13 10 15 13 11 16 14

20 26 25 24 23 22 21 20 26 25 24 23^

05 06 00 01 02 03 06 00 01 02 03 04

16 11 13 15 10 12 10 12 14 16 11 13

20 23 26 22 25 21 21 24 20 23 26 22

01 05 02 06 03 00 02 06 03 00 04 01

12 10 15 13 11 16 13 11 16 14 12 10

23 22 21 20 26 25 24 23 22 21 20 26

00 01 02 03 04 05

11 13 15 10 12 14

22 25 21 24 20 23

03 00 04 01 05 02

14 12 10 15 13 11

25 24 23 22 21 20
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